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using ovals and unitals of finite projective planes.  2001 Academic Press
1. INTRODUCTION
Some interesting classes of 1-factorizations and 1-hyperfactorizations of
the complete graph K2n are related to ovals in finite projective planes. In
this paper we explore this relationship further, and obtain some new classes
of indecomposable 1-factorizations of the complete multigraph *K2n . Recall
that a 1-factorization of *K2n (briefly, OF(2n, *)) is a collection of
*(2n&1) 1-factors such that each edge appears in exactly * 1-factors. If the
1-factors are pairwise distinct then it is called simple. Furthermore, an
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OF(2n, *) is decomposable if there exist positive integers *1 , and *2 , *1+*2
=* such that the factorization is the union of 1-factorizations of *1 K2n and
*2 K2n . An indecomposable OF(2n, *) will be denoted by IOF(2n, *).
Two infinite classes of 1-factorizations have been constructed so far,
namely a simple IOF(2n, n&1) of (n&1) K2n whenever 2n&1 is prime
[6], and a simple IOF(2(*+ p), *) where *>2 and p is the smallest prime
which does not divide * [1]. Also, as shown in [6], any IOF(2n, *)
can be embedded in a simple IOF(2s, *), provided that *<2ns. These
results together with the embedding theorem stated in [6] give useful
information about the spectrum of indecomposable 1-factorizations, see
also [2, 1012].
Certain simple OF(2n, *)’s can be constructed from an oval 0 in a
projective plane ? of odd order. The main idea is to take the points of 0 as
the vertices of the complete graph, and use only those 1-factors which arise
from internal points to 0 by projection. In fact, for every internal point P the
chords through P partition the point-set of 0, and hence a set 2 consisting
of internal points defines the set of all 1-factors of a simple OF(2n, *) if every
chord of 0 meets 2 in exactly * points. A good choice for 2 is the set of all
internal points, which gives a simple OF(m+1, (m&1)2) where m is the
order of ?. Since the Desarguesian projective plane of order m contains
ovals, our method works for any odd prime power m. As a matter of fact, the
arising OF(m+1, (m&1)2) can be decomposable, and finding the values of
m for which this happens appears to be a difficult problem. The main result
of the present paper is the solution of this problem for every m which is the
square of an odd prime power q.
Theorem 1.1. For an odd prime power q, assume that an OF(q2+1,
(q2&1)2) arises from an oval 0 in the Desarguesian projective plane
PG(2, q2). Then this OF(q2+1, (q2&1)2) is decomposable as it is the
union of (q+1)2 distinct simple IOF(q2+1, q&1)’s.
We stress that Theorem 1.1 shows the existence of an IOF(q2+1, q&1)
for every odd prime power q. For the non-square case, our best result is the
following theorem.
Theorem 1.2. For an odd prime power q, assume that an OF(q+1,
(q&1)2) arises from an oval 0 in the Desarguesian projective plane
PG(2, q). Then no 1-factorization of Kq+1 is a component of OF(q+1,
(q&1)2).
As an immediate corollary to Theorem 1.2, the above OF(q+1,
(q&1)2) is indecomposable for q=5, 7. An interesting open question is to
decide whether this holds true for every prime q, and perhaps for every
non-square prime power q.
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2. PROOF OF THEOREM 1.2
Let 0 be an oval in the Desarguesian plane PG(2, q) of order q= ph
where p is an odd prime. By a famous theorem of B. Segre [9, 7], 0
consists of all points of an irreducible conic of PG(2, q). The points outside
of 0 are partitioned into external points lying on two tangents, and internal
points lying on no tangent. A blocking set is a subset of points of PG(2, q)
which meets every line but contains no line completely, see [5; 7,
Theorem 13.18]. Assume that a point-set 2 of PG(2, q) satisfies both
conditions:
(i) All points in 2 are internal points to 0,
(ii) Each chord of 0 meets 2 in a constant number of points, say *.
An interesting property of 2 is given by the following result.
Lemma 2.1. If *0 (mod p), then 0 _ 2 is a blocking set of PG(2, q).
Proof. Every line in PG(2, q) contains an external point to 0, so no
line consists of internal points entirely. Assume to the contrary that 0 _ 2
is disjoint from a line l and consider the affine plane AG(2, q) whose
infinite line is l. We fix a non-square element s # GF(q) and identify the
point P(!, ’) of AG(2, q) with the element z=!+i’, i 2=s, of the quadratic
extension GF(q2) of GF(q) with respect to the irreducible polynomial
X2&s. Note that three points in AG(2, q) are collinear if and only if the
corresponding elements x, y, z in GF(q2) satisfy (x& y)q&1=(x&z)q&1.
Since (!+i’)q=!&i’, the points P(!, ’) with zq+1=(!+i’)q+1=1 form
the irreducible elliptic conic with equation X2&sY 2=1 which may be
assumed to be the oval 0. It is easy to prove that the tangent to 0 at a
point P(!, ’) # 0 is parallel to the line through the points O=(0, 0) and
Q(:, ;) with :=s’ and ;=!. Rephrasing in terms of GF(q2), the tangent
to 0 at the point z=!+i’ is parallel to the line through the points 0 and
s’+i!=i(i’+!)=iz.
Elementary double counting shows that |2|=*q, and we let 2 consist of
the points b1 , ..., b*q . Following an idea due to Blokhuis and Wilbrink (see
[4; 7, Theorem 13.36]), define the polynomial
f (Z)=*(iZ )q&1+ :
*q
j=1
(Z&bj)q&1. (1)
Take point z in 0. According to (ii), we relabel the points in 2 as follows:
Let r1 , ..., rq be the chords of 0 through the point z. Since each chord meets
2 exactly * times, the common points of rk and 2 can be labelled by
bk, 1 , ..., bk, * . Hence, 2=[bk, m | k=1, ..., q; m=1, ..., *]. This shows that
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*qj=1 (z&bj)
q&1 can be also written as qk=1 
*
m=1 (z&bk, m)
q&1. Now,
since (z&bk, m)q&1=(z&bk1 , m1)
q&1 if and only if k=k1 , this sum is equal
to * qk=1 (z&bk, 1)
q&1. Furthermore, the terms (z&bk, 1)q&1 and (iz)q&1
are pairwise distinct (q+1)st roots of unity in GF(q2). Hence, they are all
the (q+1)st roots of unity in GF(q2). By [7, Lemma 13.44] their sum is
equal to 0. This shows that if *0 (mod p), then f (z)=0. Since 0 has
more than q&1 points, the polynomial f (Z ) must be identically zero. On
the other hand, the coefficient of the leading term in f (Z ) is equal to
*(i q&1+q)=*(q&1) as i q&1=&1, since i 2=s is a non-square element in
GF(q). This yields *#0 (mod p), a contradiction. K
We are in a position to prove Theorem 1.2. Assume on the contrary that
a 1-factorization F of the complete graph on 0 is a component of the
OF(q+1, (q&1)2) defined in the theorem. Then each one of the q 1-factors
of F arises from an internal point. Choose 2 as the set of these points.
Clearly, 2 satisfies the conditions (i) and (ii) with *=1. By Lemma 2.1
every external line to 0 meets 2. This together with (ii) imply that each
line through an internal point P  2 meets 2, contradicting |2|=q.
3. INDECOMPOSABLE 1-FACTORIZATIONS OF COMPLETE
MULTIGRAPHS ARISING FROM UNITALS
CONTAINING AN OVAL
From now on ? will denote the Desarguesian projective plane PG(2, q2).
A unital U (embedded in ?) is a set of q3+1 points such that every line
meets U in either one or q+1 points. The 1-secants of U are also called
tangents, and U has exactly one tangent at each of its points. Note that if
U contains an oval 0, the tangent of U at each point is also the tangent
to 0, and so the q2(q&1) points of U"0 are all interior points of 0.
The following result shows that unitals containing an oval provide
indecomposable 1-factorizations of the complete multigraph of size q2+1.
Theorem 3.1. Let Kq 2+1 be the complete graph whose vertices are the
points of an oval 0 contained in a unital U. Then the 1-factors of Kq 2+1
arising from the points of U outside 0 are the 1-factors of an IOF
(q2+1, q&1).
Proof. Let 2 consist of all points of U outside 0. Every chord of 0 is
a (q+1)-secant of U, and hence it meets 2 in exactly q&1 points. This
shows that both (i) and (ii) are satisfied. Hence the 1-factors arising from
the points of 2 define a OF(q2+1, q&1). Assume on the contrary that
such a 1-factorization is decomposable. For any component OF(q2+1, *),
let 2$ be the corresponding subset of 2. Choose a point P # 2 which is not
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in 2$. Then the tangent of U at P is disjoint from 2$. This yields that
0 _ 2$ is not a blocking-set. From Lemma 2.1, *#0 (mod p). On the other
hand, since q is a power of p, at least one of the components must satisfy
*0 (mod p), contradicting the previous claim. K
Unitals containing ovals are somewhat rare. Nevertheless, for every odd
prime power q, there exist BuekenhoutMetz unitals which are union of
conics; see Baker and Ebert [3] (and independently Hirschfeld and Szo nyi
[8], and [7, Theorem 12.30]). Hence Theorem 3.1 applies whenever q is
an odd prime power.
4. PROOF OF THEOREM 1.1
We have already seen in the previous section that we may assume 0 to
be contained in a unital. Since there are q2(q2&1)2 interior points of 0 in
PG(2, q2), it suffices to find (q+1)2 unitals in such a way that 0 is the
intersection of any two. Without loss of generality we may assume that 0
is the conic C0 with equation Y=X2.
Let t be any non-square element of GF(q2). For every h # GF(q), let
Ch denote the conic with equation Y=X 2+ht. By the quoted result of
Baker, Ebert, Hirschfeld, and Szo nyi, if h ranges over GF(q) then the
union of Ch ’s is a unital that we will denote by Ut . A direct computation
shows that the unitals Ut and Ut$ either coincide or intersect in the conic
C0 , accordingly tt$ is in GF(q) or not. Now, choose a system of repre-
sentatives [t1 , ..., t(q+1)2] of the cosets of GF(q)* which are non-square
elements of the factor group GF(q2)*GF(q)*. Then the unitals Ut with
t # [t1 , ..., t(q+1)2] are pairwise distinct and the intersection of any two
is C0 .
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